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Abstract

Learning Automata (LA) were recently shown to be valuable tools for
designing Multi-Agent Reinforcement Learning algorithms. One of the
principal contributions of LA theory is that a set of decentralized, inde-
pendent learning automata is able to control a finite Markov Chain with
unknown transition probabilities and rewards. In this paper we extend
this result to the framework of Markov Games, a straightforward exten-
sion of single-agent Markov Decision Problems to distributed multi-agent
decision problems. We put a simple learning automaton for every agent
in each state and show that the problem can be viewed from 3 different
perspectives; the single superagent view, in which a single agent is repre-
sented by the whole set of automata, the multi-agent view, in which each
agent is represented by the automata it was associated with in each state
and finally the LA-view, i.e. the view in which each automaton itself rep-
resents an agent. We show that under the same ergodic assumptions of the
original theorem, the multi-agent and LA view can both be approximated
by a limiting normal form game, that share the same pure equilibrium
points. Moreover, if updating is done in sufficiently small steps, the LA
will converge to one of these pure equilibrium points.

1 Introduction

Reinforcement Learning was originally developed for Markov Decision Problems
(MDPs) [1]. It allows a single agent to learn a policy that maximizes a possibly
delayed reward signal in a stochastic stationary environment. RL guarantees
convergence to the optimal strategy as long as the agent can sufficiently explore
and the environment in which it is operating has the Markov property1.

However the MDP model does not allow multiple agents to act in the same
environment. A straightforward extension of the MDP model to the multi-agent
case is given by the framework of Markov Games [2]. In a Markov Game, actions

∗P. Vrancx funded by a Ph.D grant of the Institute for the Promotion of Innovation through
Science and Technology in Flanders (IWT Vlaanderen).

1A system has the Markov property if the conditional probability distribution of future
states given the present state, is independent of the whole history of past states, meaning that
the system is memoryless.
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are the result of the joint action selection of all agents and rewards and state
transitions depend on these joint actions. When only one state is assumed,
the Markov game is actually a repeated normal form game well known in game
theory [3]. When only one agent is assumed, the Markov game is again an MDP.

Unfortunately, rewards are sensed for combinations of actions taken by dif-
ferent agents, and therefore agents are actually learning in a product or joint
action space. Moreover, due to the individual reward functions of the agents,
it generally is impossible to find policies which maximize the rewards for all
agents. The latter is possible in the so-called team games or multi-agent MDPs
(MMDPs). In this case, the Markov game is purely cooperative and all agents
share the same reward function. In MMDPs the agents should learn to find and
agree on the same optimal policy. In a general Markov game, an equilibrium
point is sought; i.e. a situation in which no agent alone can change its policy to
improve its reward when all other agents keep their policy fixed.

In addition, agents in a Markov game face the problem of incomplete infor-
mation with respect to the action choice. One can assume that the agents get
information about their own choice of action as well as that of the others. This is
the case in what is called joint action learning, a popular way to address multi-
agent learning [4–7]. Joint action learners are able to maintain models of the
strategy of others and explicitely take into account the effects of joint actions.
In contrast, independent agents only know their own action. The latter is often
a more realistic assumption since distributed multi-agent applications are typi-
cally subject to limitations such as partial or non observability, communication
costs, asynchronism and stochasticity.

Different approaches toward independent multi-agent learning exist, how-
ever most of them have limited applicability or lack theoretical results. In [8]
an algorithm is proposed for learning cooperative MMDPs, but it is only suited
for deterministic environments. In [9, 10] new multi-agent exploration mech-
anisms are developed, however only single-state problems or repeated normal
form games are considered.

In this paper we will focus on how learning automata (LA) can tackle the
problem of learning Markov Games. Learning automata are independent, adap-
tive decision making devices that were previously shown to be very useful tools
for building new multi-agent reinforcement learning algorithms in general [11].
The main reason for this is that even in multi-automata settings they still ex-
hibit nice theoretical properties. One of the principal contributions of LA theory
is that a set of decentralized learning automata is able to control a finite Markov
Chain with unknown transition probabilities and rewards. In this paper we ex-
tend this result to the framework of Markov Games. For each agent a simple
learning automaton is put in each state. This setting is analysed from 3 different
perspectives; the single superagent view, in which a single agent is represented
by the whole set of automata, the multi-agent view, in which each agent is rep-
resented by the automata it was associated with in each state and finally the
LA-view, i.e. the view in which each automaton represents an agent. We show
that under the same ergodicity assumptions of the original theorem, the multi-
agent and LA view can both be approximated by limiting normal form games,
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that share the same pure equilibrium points. Combined with previous results
on automata games we will be able to prove that a set of independent learning
automata agents is able to reach a pure equilibrium point in Markov Games.

This paper is organized as follows: in the next section the definitions of
MDPs, MMDPs and Markov games are given. In Section 3 learning automata
theory is summarized. In Section 4, we discuss the existing LA algorithm for
MDPs and introduce its extension to Markov games. We give three different
views on the setting proposed. Next in Section 5, our theoretical results are
shown. An illustrating example is given in Section 6. Finally, we discuss some
related work and give directions for the future.

2 Definitions

2.1 MDP Definition

The problem of controlling a finite Markov Chain, called a Markov Decision
Problem (MDP) for which transition probabilities and rewards are unknown
can be stated as follows. Let S = {s1, . . . , sN} be the state space of a finite
Markov chain {xl}l≥0 and Ai = {ai

1, . . . , a
i
ri
} the action set available in state si.

Each combination of starting state si, action choice ai ∈ Ai and next state sj

has an associated transition probability T ij(ai) and reward Rij(ai). The overall
goal is to learn a policy α , or a set of actions, α = (a1, . . . , aN ) with aj ∈ Aj

so that the expected average reward J(α) is maximized:

J(α) ≡ liml→∞

1

l
E

[

l−1
∑

t=0

Rx(t)x(t+1)(α)

]

(1)

The policies we consider are limited to stationary, nonrandomized policies.
Under the assumption that the Markov chain corresponding to each policy α is
ergodic, it can be shown that the best strategy in any state is a pure strategy,
independent of the time at which the state is occupied [12]. A Markov chain
{xl}l≥0 is said to be ergodic when the distribution of the chain converges to a
limiting distribution π(α) = (π1(α), . . . , πN (α)) with ∀i, πi(α) > 0 as l → ∞.
Thus, there are no transient states and the limiting distribution π(α) can be
used to rewrite Equation 1 as:

J(α) =

N
∑

i=1

πi(α)

N
∑

j=1

T ij(α)Rij(α) (2)

2.2 Markov Game Definition

An extension of single agent Markov decision problems (MDPs) to the multi-
agent case can be defined by Markov Games [2]. In a Markov Game, actions
are the joint result of multiple agents choosing an action individually. Note
that Ai

k = {ai
k1, . . . , a

i
kir

} is now the action set available in state si for agent

3



k, with k : 1 . . . n, n being the total number of agents present in the system.
Transition probabilities T ij(ai) and rewards R

ij
k (ai) now depend on a starting

state si, ending state sj and a joint action from state si, i.e. ai = (ai
1, . . . a

i
n)

with ai
k ∈ Ai

k. The reward function R
ij
k (a) is now individual to each agent k.

Different agents can receive different rewards for the same state transition. Since
each agent k has its own individual reward function, defining a solution concept
is non-trivial. Again we will only treat non-randomized, stationary policies and
we will assume that the Markov Game is ergodic in the sense that there are no
transient states present and a limiting distribution on the joint policies exists.
We can now use Equation 2 to define the expected reward for agent k, for a
given joint policy α.

Jk(α) =

N
∑

i=1

πi(α)

N
∑

j=1

T
ij
k (α)Rij

k (α) (3)

Due to the existence of different reward functions, it is in general impossible
to find an optimal policy for all agents. Instead, equilibrium points are sought.
In an equilibrium, no agent can improve its reward by changing its policy if all
other agents keep their policy fixed.

In general a Markov game using the average reward criterion in Equation 1
does not necessarily have an equilibrium point in stationary policies. Examples
of Markov games which only have equilibria in history dependent strategies can
be found [13]. It can be shown however that Markov games, satisfying the
ergodicity requirement stated above have at least one equilibrium in stationary
policies [14]. This equilibrium does not need to consist of pure policies, however.

2.3 MMDP Definition

In a special case of the general Markov game framework, the so-called team
games or multi-agent MDPs (MMDPs) [15] optimal policies still exist. In this
case, the Markov game is purely cooperative and all agents share the same
reward function. This specialization allows us to define the optimal policy as
the joint agent policy, which maximizes the payoff of all agents. An MMDP can
therefore also be seen as an extension of the single agent MDP to the multi-agent
case.

Because the agents share the same transition and reward function, one can
think of the collection of agents being a single super agent with joint actions
at its disposal and whose goal is to learn the optimal policy for the joint MDP.
Since the agents’ individual action choices may be jointly suboptimal, the added
problem in MMDPs is for the agents to learn to coordinate their actions so that
joint optimality is achieved. The value of a joint policy α = (a1, . . . , aN ) with ai

the joint action of state si in Ai
1 × . . .×Ai

n, can still be defined by Equation 1.
Under the same assumption considered above, i.e. the Markov chain corre-

sponding to each joint policy α is ergodic, it is sufficient to only consider joint
policies in which the agents choose pure strategies. This can easily be seen, as
the problem can be reduced to an ergodic MDP of Section 2.1 by considering the
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single super agent view. Moreover, under this assumption the expected average
reward of a joint policy α can also be expressed by Equation 2.

In this paper, we will address the single super agent perspective, the multi-
agent perspective and also the local state perspective, which will be called the
learning automaton perspective because for every agent we will put a learning
automaton in every state. First we will briefly describe learning automata in
the next subsection.

3 Learning Automata

A learning automaton formalizes a general stochastic system in terms of states,
actions, action probabilities and environment responses (see [16]). In a variable
structure stochastic automaton action probabilities are updated at every stage
using a reinforcement scheme. It is defined by a quadruple {A, β, p, T} for which
A is the action or output set {a1, a2, . . . ar} of the automaton, β is a random
variable in the interval [0, 1], p is a vector of the automaton’s action probabilities
and T denotes an update scheme. The output a of the automaton is actually
the input to the environment. Whereas the input β of the automaton is the
output of the environment, which is modeled through penalty probabilities ci

with ci = P [β | ai], i : 1 . . . r.
Important examples of update schemes are linear reward-penalty, linear

reward-inaction and linear reward-ǫ-penalty. The philosophy of these schemes
is essentially to increase the probability of an action when it results in a success
and to decrease it when the response is a failure. The general algorithm is given
by:

pm(t + 1) = pm(t) + λ1(1 − β(t))(1 − pm(t))

−λ2β(t)pm(t) (4)

if am is the action taken at time t

pj(t + 1) = pj(t) − λ1(1 − β(t))pj(t)

+λ2β(t)[(r − 1)−1 − pj(t)] (5)

if aj 6= am

The constants λ1 en λ2 are the reward and penalty parameters respectively.
When λ1 = λ2 the algorithm is referred to as linear reward-penalty (LR−P ),
when λ2 = 0 it is referred to as linear reward-inaction (LR−I) and when λ2 is
small compared to λ1 it is called linear reward-ǫ-penalty (LR−ǫP ).

If the penalty probabilities ci of the environment are constant, the probabil-
ity p(t+1) is completely determined by p(t) and hence p(t)t>0 is a discrete-time
homogeneous Markov process. Convergence results for the different schemes are
obtained under the assumptions of constant penalty probabilities, see [16].
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3.1 Learning Automata Games

Automata games were introduced to see if automata could be interconnected in
useful ways so as to exhibit group behavior that is attractive for either modeling
or controlling complex systems.

A play a(t) = (a1(t) . . . an(t)) of n automata is a set of strategies cho-
sen by the automata at stage t, such that aj(t) is an element of the action
set of the jth automaton. Correspondingly the outcome is now also a vector
β(t) = (β1(t) . . . βn(t)). At every time-step all automata update their probabil-
ity distributions based on the responses of the environment. Each automaton
participating in the game operates without information concerning the number
of other participants, their strategies, actions or payoffs.

In zero-sum games2 the LR−I scheme converges to the equilibrium point if it
exist in pure strategies, while the LR−ǫP scheme can arbitrarily close approach
a mixed equilibrium [17]. In general non zero-sum games [18,19] it is shown that
when the automata use a LR−I scheme and the game is such that a unique pure
equilibrium point exists, convergence is guaranteed. In cases were the game
matrix has more than one pure equilibrium, which equilibrium is found depends
on the initial conditions. Summarized we have the following:

Theorem 1 [19] When the automata game is repeatedly played with each player
making use of the LR−I scheme with a sufficiently small step size, then local
convergence is established towards pure Nash equilibria.

4 Learning in finite MDPs

It is well known that Reinforcement Learning techniques [1] are able to solve
single-agent Markovian decision problems with delayed rewards. We focus here
on how a set of interconnected LA is able to control an MDP [12,16]. Later on,
we show how to extend this result to the multi-agent case in a very natural way.

The problem of controlling a Markov chain can be formulated as a network
of automata in which control passes from one automaton to another. In this
set-up every action state3 in the Markov chain has a LA that tries to learn
the optimal action probabilities in that state, using the learning scheme given
in Equations (4,5). Only one LA is active at each time step and transition to
the next state triggers the LA from that state to become active and take some
action. LA LAi active in state si is not informed of the one-step reward Rij(ai)
resulting from choosing action ai ∈ Ai in si and leading to state sj . Only when
state si is visited again, LAi receives two pieces of data: the cumulative reward
generated by the process up to the current time step and the current global
time. From these, LAi computes the incremental reward generated since this

2In a zero-sum game the winnings of a player are exactly balanced by the losses of the
other(s), so that the sum of all rewards equal zero.

3A state is called an action state, when more than one action is present.
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last visit and the corresponding elapsed global time. The environment response
or the input to LAi is then taken to be:

βi(ti + 1) =
ρi(ti + 1)

ηi(ti + 1)
(6)

where ρi(ti + 1) is the cumulative total reward generated for action ai in state
si and ηi(ti + 1) the cumulative total time elapsed. The authors in [12] denote
the updating scheme as given in Equations (4,5) with the environment response
as in (6) as learning scheme T1. The following results were proved:

Lemma 1 (Wheeler and Narendra, 1986) The Markov chain control prob-
lem can be asymptotically approximated by an identical payoff game of N au-
tomata.

Theorem 2 (Wheeler and Narendra, 1986) Let for each action state si of
an N state Markov chain, an automaton LAi using learning scheme T1 and
having ri actions be associated with. Assume that the Markov Chain, corre-
sponding to each policy α is ergodic. Then the decentralized adaptation of the
LA is globally ǫ-optimal4 with respect to the long-term expected reward per time
step, i.e. J(α).

Outline of the proof:
According to Lemma 1 the Markov Chain control problem under the assump-
tions above can be asymptotically approximated by an identicall payoff game
of N automata. This game is shown to have a unique equilibrium. For the
corresponding automata game with every automaton using an LR−I updating
scheme the above result is proved see Theorem 1. As long as the ratio of up-
dating frequencies of any two controlles does not tend to zero, the result also
holds for the asynchronous T1 updating scheme.

The principal result derived is that, without prior knowledge of transition
probabilities or rewards, the network of independent decentralized LA con-
trollers is able to converge to the set of actions that maximizes the long-term
expected reward [16]. Moreover instead of one agent visiting all states and keep-
ing a single Q-table for all the states in the system, as is the case in traditional
RL algorithms such as Q-learning; in the LA learning model there are some
non-mobile LA agents who do not move around the state space but stay in their
own state waiting to get active and learn to take actions only in their own state.
The intelligence of one mobile agent is now distributed over the states of the
Markov chain, more precisely over the non-mobile LA agents in those states.

4A LA is said to behave ǫ-optimal when it approaches the optimal action probability vector
arbitrarily close.
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5 Learning in finite Markov Games

In a Markov Game the action chosen at any state is the joint result of individual
action components performed by the agents present in the system. In this
section we extend the LA-model of Section 4 to the framework of Markov Games
just by putting a simple learning automaton for every agent in each state.

We start by considering the special case of MMDPs were all agents share the
same payoff function. Three different perspectives emerge; the single superagent
view, the agent view and the LA-game view. When appplying the technique to
general Markov games we will lose the single agent perspective. We show that
under the same ergodic assumptions of the original LA theorem, the agent and
LA game view share the same pure equilibrium points. Moreover, if updating
is done in sufficiently small steps, the LA will converge to an equilibrium point
in this game.

5.1 The Model

Instead of putting a single learning automaton in each action state of the system,
we propose to put an automaton LAi

k in each action state si with i : 1 . . .N

and for each agent k, k : 1 . . . n. At each time step only the automata of one
state are active; a joint action triggers the LA from that state to become active
and take some joint action.

As before, LA LAi
k active for agent k in state si is not informed of the

one-step reward Rij(ai) resulting from choosing joint action ai = (ai
1, . . . , a

i
n)

with ai
k ∈ Ai

k in si and leading to state sj . When state si is visited again, all
automata LAi

k, k : 1 . . . n, receive two pieces of data: the cumulative reward
generated by the process up to the current time step and the current global
time. From these, all LAi

k compute the incremental reward generated since this
last visit and the corresponding elapsed global time. The environment response
or the input to LAi

k is exactly the same as in Equation 6.

5.2 MMDPs

Since the utility of a state in an MMDP is the same for all agents, the problem
can be stated as an MDP in which the actions in each state are the joint ac-
tions of the agents. This means that a pure optimal policy in which all agents
maximize their payoff can still be found, using the LA-model of section 4. The
use of this model is possible only if we assume that the agents are of one mind
and select a joint action together. However this assumption is far from real-
istic. In general, agents are independent and select their actions individually.
This complicates learning considerably since individual agent actions may be
jointly suboptimal. Therefore an important issue in learning MMDPs, is that
of coordination.

We will explain the different views one can have on the model with the
following example given in Fig. 1. The MMDP has 2 agents and 4 states,
with only s0 and s1 being action states. In both states 4 joint actions are
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present:(0, 0), (0, 1), (1, 0) and (1, 1). All transitions, except those leaving states
s2 and s3 are deterministic, while the tranisitions leaving state s2 or s3 have
uniform probability of going to one the other states or itself. Rewards are only
given for the transitions (s1, s2) and (s1, s3).

S1 S2

S0 S3

(0,0),
(1,1)

 (0,0) R: 1.0, 
(1,1) R: 0.7 

(1,0),(0,1)

(1,0),(0,1) R: 0.5

Figure 1: An example MMDP with 2 action states s0 and s1; each with 2
actions: 0 and 1. Joint actions and nonzero rewards (R) are shown. Transitions
are deterministic; except in the non-action states s2 and s3 where the process
goes to any state with equal probability (1/4).

5.2.1 Single Super Agent View

When we assume that the agents are of one mind, we can think of a single
super agent being active. The joint actions of the MMDP of Example 1, are
the actions of the super agent. In this case, the problem can be solved by
the model of Section 4, i.e. put one learning automaton in each action state.
According to Lemma 1 the control problem of Example 1 is then approximated
by a 2 player identical payoff game with 4 actions, i.e. 2 player because there
are 2 action states each having 4 actions. The rewards in the game are given
by the long-term expected reward per time step, so in total 16 pure policies are
possible. This game is given in Fig. 2. One can see that only optimal equilibria
are present.

As proved in Theorem 2, the interconnected learning model of Section 4 will
find a global optimal policy of the problem, i.e. the super agent chooses joint
action (0, 0) in both s0 and s1, or joint action (1, 1) in s0 and (0, 0) in s1.
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s1
joint actions (0, 0) (0, 1) (1, 0) (1, 1)

s0

(0, 0) 0.2857 0.1667 0.1667 0.2
(0, 1) 0.1429 0.0833 0.0833 0.1167
(1, 0) 0.1429 0.0833 0.0833 0.1167
(1, 1) 0.2857 0.1667 0.1667 0.2

Figure 2: An identical payoff game with 2 players and 4 actions that approxi-
mates the single agent view of the MMDP of Fig. 1.

5.2.2 The Multi-Agent View

In the multi-agent view, we no longer assume that agents jointly select their
action in each state. This means that the underlying game played now depends
on the agents’ individual policies. Again this game is a 2-player identical payoff
game with 4 actions. But here we have a 2-player game, because we have 2
agents, and we have 4 actions because each agent has 4 possible policies it can
take, i.e (0, 0), (0, 1), (1, 0) and (1, 1). Note that here (a1, a2) denotes the policy
instead of a joint action, i.e. the agent takes action a1 in state s0 and action
a2 in state s1. In Fig. 3 the game matrix for the MMDP of Fig. 1 is given.
Surprisingly, in this game 4 pure equilibria are present of which 2 are optimal
and 2 are sub-optimal. While, as is shown in Theorem 2, in the super agent view
only optimal equilibria can appear, this is clearly not the case in the multi-agent
view.

agent 2
policies (0, 0) (0, 1) (1, 0) (1, 1)

a
g
en

t
1 (0, 0) 0.2857 0.1667 0.1429 0.0833

(0, 1) 0.1667 0.2 0.0833 0.1167
(1, 0) 0.1429 0.0833 0.2857 0.1667
(1, 1) 0.0833 0.1167 0.1667 0.2

Figure 3: An identical payoff game with 4 actions that approximates the multi-
agent view of the MMDP of Fig. 1. Equilibria are indicated in bold.

5.2.3 The Learning Automata View

The last view we have on the control problem is that of the lowest level. In this
view we consider the game between all the learning automata that are present
in the different action states, using the model of Section 5.1. For the MMDP of
Fig. 1 this would give a 4 automata game with 2 actions for each automaton: 0
or 1. The complete game is shown in Fig. 4.
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In the next section we will show that this view shares the same pure equilibria
with the multi-agent view and that the interconnected model of Section 5.1 is
able to find an equilibrium policy.

(LA0
0, LA0

1, LA1
0, LA1

1) J(α) (LA0
0, LA0

1, LA1
0, LA1

1) J(α)
(0, 0, 0, 0) 0.2857 (1, 0, 0, 0) 0.1667
(0, 0, 0, 1) 0.1429 (1, 0, 0, 1) 0.0833
(0, 0, 1, 0) 0.1429 (1, 0, 1, 0) 0.0833
(0, 0, 1, 1) 0.2 (1, 0, 1, 1) 0.1167
(0, 1, 0, 0) 0.1667 (1, 1, 0, 0) 0.2857
(0, 1, 0, 1) 0.0833 (1, 1, 0, 1) 0.1429
(0, 1, 1, 0) 0.0833 (1, 1, 1, 0) 0.1429
(0, 1, 1, 1) 0.1167 (1, 1, 1, 1) 0.2

Figure 4: An identical payoff game between 4 players each with 2 actions, that
approximates the LA view of the MMDP of Fig. 1. Equilibria are indicated in
bold.

5.3 Markov Games

In this section we extend our approach to general Markov games. In these games
each agent k has it own reward function Rk. The expected individual reward
Jk of agent k can now be calculated by using Equation 3.

As an example we extend the MMDP of Section 5.2 so that agent 1 and
agent 2 get different rewards for the state transitions. The resulting Markov
game is shown in Fig. 5.

Since there is no longer a single reward function, it is not guaranteed that
a single joint policy which maximizes the payoff for all agents exists. Therefore
we cannot treat the problem as a single agent MDP anymore and the single
super agent view of the previous section becomes impossible.

It is still possible, however, to approximate the Markov Game using the agent
and learning automata views. The main difference with the MMDP section is
that the resulting approximating games are no longer common interest, but
rather conflicting interest. The resulting limiting game for the multi-agent view
is shown in Fig. 6

In the resulting agent game, each agent can now get a different reward for a
joint policy. In the automata game, all automata belonging to the same agent k

get the same payoff Jk, while those belonging to different agents can get different
rewards.

5.4 Theoretical Results

Note first that a policy for the LA-view is automatically also a policy for the
agent view. The same notation can be used, only the interpretation is dif-
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S1 S2

S0 S3

(0,0),
(1,1)

(0,0) R: (1.0, 0.7)
(1,1) R: (0.7, 1.0) 

(1,0),(0,1)

(1,0),(0,1) R: (0.5, 0.5)

Figure 5: An example Markov game with the same structure as Example 1, but
with different individual rewards for both agents.

ferent. A policy in the multi-agent view gives for each action state a set
of individual actions, one for each agent: αmulti−agent = (a1, . . . , aN ) with
ai = (ai

1, . . . , a
i
n) a joint action of state si in Ai

1 × . . . × Ai
n. In the LA-view

a policy is composed of an individual action for each LA in the system. As
such αLA = (a0

1, . . . , a
0
n, a1

1, . . . , a
1
n, . . . , aN

1 , . . . , aN
n ) which is just the expansion

of αmulti−agent.
We can now state the following:

Theorem 3 Given a Markov Game with N action states. Assume that the
Multi-agent Markov Chain, corresponding to each joint policy α is ergodic.
When α is a pure equilibrium policy in the multi-agent view, α is also an pure
equilibrium policy for the LA-view and vice versa.

proof
First we note that an equilibrium in the agent game must always be an

equilibrium in the LA game. This is easy to see, because a learning automaton
switching its action corresponds to a single agent changing its policy in a single
state. So in any situation were no agent alone can improve its expected reward
by changing policies, it must also be impossible for a single learning automaton
to improve its payoff.

Now suppose that α is an equilibrium for the LA game view but is not an
equilibrium point for the agent game view. This means no single automaton
on its own can improve its payoff by switching to another action. To get out
of the equilibrium at least 2 LA should change their action choice. However
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since we assumed that α is not an equilibrium point in the agent view, it is
possible to find a single agent k that can improve its payoff simply by changing
its strategy αk = (a1

k, . . . , aN
k ). Because of the above, it has to do this by

changing the actions of 2 or more different LA. For simplicity assume that
agent k changes its policy in state i and state j with i 6= j and call this new
policy βk = (b1

k, . . . , bN
k ).5 Then by construction we have that: ai

k 6= bi
k, a

j
k 6= b

j
k

, ∀l : 1 . . .N, l 6= i, j : al
k = bl

k, βm = αm for all agents m : 1 . . . n, m 6= k and
Jk(β) > Jk(α).

agent 2
policies (0, 0) (0, 1) (1, 0) (1, 1)

a
g
en

t
1 (0, 0) (0.2857,0.2) (0.1667, 0.1667) (0.1429, 0.1167) (0.0833, 0.0833)

(0, 1) (0.1667, 0.1667) (0.2,0.2857) (0.0833, 0.0833) (0.1167, 0.1429)
(1, 0) (0.1429, 0.1167) (0.0833, 0.0833) (0.2857,0.2) (0.1667, 0.1667)
(1, 1) (0.0833, 0.0833) (0.1167, 0.1429) (0.1667, 0.1667) (0.2,0.2857)

Figure 6: A conflicting interest game with 4 actions that approximates the
multi-agent view of the Markov game of Fig. 5. Equilibria are indicated in bold.

Let al
−k denote the joint action of policy α in state l without the action of

agent k, and (al
−k, a∗l) with a∗l ∈ Al

k the joint action in state l with all agents

following policy α, except for agent k that takes action a∗l.
Analogous, define α−k to be policy α for all agents except agent k and

(α−k, a∗) with a∗ = (a∗1, . . . , a∗N) ∈ A the policy for which all agents follow
policy α and agent k follows policy a∗.

We can now consider the following N-state Markov problem: (N, A, T, Rk)
with actions set A being the action set of agent k : A = A1

k × . . . × AN
k .

Transitions and rewards are defined as follows: T uv(a∗u) = T uv(au
−k, a∗u),

Ruv(a∗u) = Ruv
k (au

−k, a∗u) and J(a∗) = Jk(α−k, a∗). Note that since we have
assumed that the Markov chain for each joint policy in the full Markov game is
ergodic, it follows that for this Markov problem the chain corresponding to each
policy a∗ will also be ergodic. Fom Theorem 2, we then know that this Markov
problem can be approximated by a limiting game Γ which has only optimal
equilibria.6 In [12] it is shown that for each suboptimal policy in the game Γ,
we can create a better policy which differs from the original policy in only one
state of the MDP.

Consider now αk, this policy cannot be an equilibrium point for Γ because :

J(αk) = Jk(α−k, αk) = Jk(α) < Jk(β) = Jk(α−k, βk) = J(βk)

As αk is not an equilibrium point, a better policy a∗ can be found by changing

5The case where 3 or more automata should switch their action is analogous.
6Note that this does not mean that the game has a unique equilibrium. As can be seen

in Example 1 of section 5.2, multiple equilibrium plays can exist, but they must achieve the
same, optimal payoff.
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αk in only in one state. But since:

Jk(α) = Jk(αk) < Jk(a∗) = Jk(α−k, a∗)

We have a policy (α−k, a∗) in the original agent game which differs from the
original policy α only in the action of a single automaton LA∗

k, and receives a
strictly higher payoff Jk. This means that a single automaton of agent k can
change its action to receive a higher payoff and thus α cannot be an equilibrium
in the full automata game. This contradicts our original assumption that α is
an equilibrium for the automata game, but is not an equilibrium for the agent
game view. Therefore we can conclude that both views share the same pure
equilibria.

Corollary 1 The Learning Automata model proposed in Section 5.1 is able to
find an equilibrium in pure strategies in a Markov game that satisfies the above
ergodic assumptions.

proof
According to Theorem 1, the automata will find a pure equilibrium point of

the corresponding automata game. But because of Theorem 3 this point will
also be an equilibrium point of the limiting agent game.

6 Experiments

We now demonstrate the behaviour of the LA learning model on the sample
problems described above. Fig. 7a and Fig. 7b show the results of the LA
algorithm from Section 5.1 on the sample MMDP and Markov game of Fig. 1
and Fig. 5, respectively. Since we are interested in the long term convergence we
show a typical run, rather than an average over multiple runs. To demonstrate
convergence to the different equilibria, we use a single very long run (2 million
time steps) in which we give the automata 500000 steps to converge and then
restart them. After every restart the automata are initialized with random
probabilities to allow them to converge to different equilibria.

In Fig. 7a we see the common average reward for both agents in the MMDP
of Fig. 1. The agents converge once to the suboptimal and three times to the
optimal equilibrium point. After 500000 the time steps the average reward
approaches the predicted values of 0.2 and 0.2857 very closely. In Fig. 7b we
show the average reward for both agents on the Markov Game of Fig. 5, since
each has its own reward function. Again the average rewards can be seen to
closely approximate the predicted values, now with different payoffs for each
agent.
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Figure 7: Typical run of the LA learning model of Section 5.1 (a) Results on the
MMDP of Fig. 1. (b) Results for the Markov game of Fig. 5. Both experiments
used automata with the LR−I update scheme and a learning rate of λ1 = 0.05 .

7 Related Work

Convergence results for decentralized learning in Markov Games are often lack-
ing or are only applicable in very restrictive cases. In [8] an algorithm is proposed
for learning cooperative MMDPs, but it is only suited for deterministic environ-
ments. In [9, 10] new multi-agent exploration mechanisms are developed, how-
ever only single-state problems or repeated normal form games are considered.
In [7] an alternative view on Markov Games is taken, i.e. the game can be seen
as a sequence of local normal form games. The algorithm the authors propose
is Nash-Q-learning. Nash Q-values are Q-functions over joint actions. These
are updated based on the Nash equilibrium behavior over the current Nash Q-
values. The idea is to let these Q-values learn to reach the Nash Q-values of
the equilibrium of the limiting game through repeated play. However only in
very restrictive cases, this actually happens. Analytical results demand that
for convergence to happen each intermediate normal form game has a unique
equilibrium (or saddle point). Besides, the approach assumes that the agents
have full knowledge of the system: the agents know their current joint state, the
joint action played and the reinforcement signals all agents receive. In [20] team
Markov Games or MMDPs are also approximated as a sequence of intermediate
games. In team Markov Games, all agents get the same reward function and
the agents should learn to select the same optimal equilibrium strategy. The
authors present optimal adaptive learning and prove convergence to a Nash
equilibrium of the limiting game, however agents know the joint actions played,
they all receive the same reward and thus are able to build the game structure.
In [21] the agents are not assumed to have a full view of the world. All agents
contribute to a collective global reward function, but since domain knowledge
is missing, independent agents use filtering methods in order to try to recover
the underlying true reward signal from the noisy one that is observed. This
approach seems to work well in the example domains shown.
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Although we can show convergence to a pure equilibrium point of the limiting
game with the learning model proposed here, we are still left with a selection
problem. Indeed, often more than one equilibrium point is present, and the
question left is then, which solution should the agents learn and how can they
do this. In case of team Markov Games or MMDPs, an equilibrium which
is optimal for all agents can easily be recognized. In [22] we show that the
parametrized learning automata algorithm proposed in [23] allows us to achieve
optimal convergence in team Markov games. In general Markov Games, we plan
to extended some coordinated form of exploration such as ESRL in [9] to learn
a front of Pareto optimal solutions7, or a fair periodical policy, that switches
between different equilibrium points [9].

Finally we also should consider problems with partial observability. For now
we assume that each agents has knowledge of the current joint state. In spatial
coordination problems however, it is more realistic to assume that the agent
only knows its own location not and that of the others. As such the agent is
not able to distinguish the true underlying joint state of the Markov Game.
In [24,25] we empirically and theoretically show that our result also holds for a
slightly different version of the automa model in which agents do not have full
view of the current state.

8 Conclusion

In this paper we study the problem of learning Markov Games with independent
agents that only have knowledge of their own payoff, reward and the current
state. We propose a model based on learning automata and analyze the setting
from different perspectives: the superagent perspective (in case agents share the
same reward function), an agent perspective and an automaton’s perspective.
We show that under a common ergodic assumption the latter perspectives can
both be approximated by limiting normal form games, that share the same pure
equilibrium points. Moreover, if updating is done in sufficiently small steps, the
LA-model proposed will converge to one of these equilibrium points.
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