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ABSTRACT
In this article we address the problem of counting the number of
peers in a peer-to-peer system, and more generally of aggregating
statistics of individual peers over the whole system. This function-
ality is useful in many applications, but hard to achieve when each
node has only a limited, local knowledge of the whole system. We
propose two generic techniques to solve this problem. TheRan-
dom Tourmethod is based on the return time of a continuous time
random walk to the node originating the query. TheSample and
Collide method is based on counting the number of random sam-
ples gathered until a target number of redundant samples are ob-
tained. It is inspired by the “birthday paradox” technique of [6],
upon which it improves by achieving a target variance with fewer
samples. The latter method relies on a sampling sub-routine which
returns randomly chosen peers. Such a sampling algorithm is of
independent interest. It can be used, for instance, for neighbour se-
lection by new nodes joining the system. We use a continuous time
random walk to obtain such samples. We analyse the complexity
and accuracy of the two methods. We illustrate in particular how
expansionproperties of the overlay affect their performance.

Categories and Subject Descriptors
C.2.4 [Computer Systems Organization]: Computer-Communication
Networks—Distributed Systems; G.3 [Mathematics of Comput-
ing]: Probability and Statistics; F.2 [Theory of Computation]:
Analysis of Algorithms and Problem Complexity

General Terms
Algorithms, Performance
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Peer-to-peer systems have achieved fast and widespread adop-
tion for both legal and illegal applications, ranging from file sharing
(e.g. Kazaa or eDonkey) to VoIP (e.g. Skype). It is reasonable to
expect novel applications to appear, and the scale of such systems
to increase beyond millions of interacting peers.

A key feature of peer-to-peer systems is theirdistributednature.
Indeed, popular architectures organise the peers in anoverlaynet-
work, typically layered over the Internet, and let peers communi-
cate solely with their overlay neighbours. In such architectures,
a peer’s knowledge of the system is limited to its collection of
neighbours. These architectures have good scalability properties;
in particular they do not suffer from central servers becoming per-
formance bottlenecks, or single points of failure.

On the flip side however, overlay architectures make it delicate
to monitor system characteristics of interest that would be straight-
forward to observe in centralised systems. One example of such a
system characteristic that will concern us in this paper is the system
size, namely the number of peers. More generally, we are interested
in (approximately) counting the number of peers with given char-
acteristics, or aggregating characteristics of interest of individual
peers over all peers.

The need to perform such peer counting arises in the following
contexts. Recently proposed overlay maintenance protocols, such
as Viceroy [28], rely on approximate knowledge of the overlay size
to incorporate a newly arrived peer in the system. Several gossip-
based information dissemination protocols (see e.g. [15], [13]) rely
on system size to determine the number of gossip targets per peer.
We expect that such peer counting could find other applications.
For instance, in a Live Media streaming system such as that of
[35], it may be of interest to measure the number of peers using
a Broadband connection or a dialup connection, in order to decide
whether new dialup users can be accepted without compromising
performance.

For particular overlay architectures, specific overlay properties
may be exploited to efficiently measure system size. In contrast,
our aim here is to design measurement techniques that are generic,
in that they are applicable to arbitrary overlay networks. We pro-
pose two such techniques in this paper.

The first technique, which we call theRandom Tourmethod, re-
lies on launching a message from the peer initiating the measure-
ment. This message then performs a random walk along the overlay
until it returns to the initiator, i.e. a random tour. Local statistics
accumulated along the tour within this message provide an estimate
of system size. We analyse the quality of the resulting estimate, and
in particular show how thespectral gapof the overlay graph, which
is in turn affected by theexpansionproperties of the graph, condi-
tions the accuracy of the estimate. This technique can be easily



adapted to estimate aggregate statistics of other node properties.
We then propose a second technique, which we call theSam-

ple and Collidemethod. One building block of the method is
a sampling function, which aims to provide a requesting overlay
node with another node chosen uniformly at random from the over-
lay. Previous proposals have relied on a Discrete Time Random
Walk stopped after a large constant time; clearly, this yields sam-
ples biased towards high-degree nodes. We describe a sampling
algorithm based on a Continuous Time Random Walk (CTRW),
which yields unbiased samples. We characterise the sampling qual-
ity/complexity trade-off and find that it is again critically affected
by the expansion properties of the overlay graph.

The Sample and Collide method produces an estimate of the sys-
tem size based on the number of uniform random samples it takes
before a target number of redundant samples are obtained. This
method is inspired by the “Inverted Birthday Paradox” method of
[6]. We provide a detailed analysis of the accuracy and complex-
ity of the Sample and Collide method, and show how it improves
upon the original proposal of [6] by achieving a target accuracy
with fewer samples.

While we do not study the impact of churn analytically, we eval-
uate it through simulations. These show that the proposed tech-
niques are robust to both gradual and sudden changes in system
size.

The paper is structured as follows: in the next section we survey
related work. We present the Random Tour method and its analysis
in Section 3, and the Sample and Collide method and its analysis
in Section 4. The evaluation of the two methods by simulation is
shown in Section 5. We conclude in Section 6.

2. RELATED WORK
We distinguish two classes of techniques for system size estima-

tion. Techniques of the first type are tailored to a specific overlay
architecture, while those of the second type are generic and appli-
cable to any overlay.

2.1 Architecture-specific techniques
In structured peer to peer overlay networks, peers are assigned

identifiers drawn uniformly at random. The approach taken in [10]
deduces the network size in distributed hash tables (DHT) by mea-
suring the density of identifiers around a node initiating a size esti-
mate. The communication cost for getting a relative error of orderε
isO(1/ε2) message exchanges, irrespective of the number of nodes
N . A similar approach is also considered in [32, 23, 18, 29].

In [12], an estimate of the system size is constructed based on
observations of node degrees, and relies on prior knowledge of a
power law structure for the distribution of node degrees. A concep-
tually similar approach is described in [6]. It produces an estimate
of system size based on node degree observations, assuming a spe-
cific topology (namely, the Erd˝os-Rényi random graph model). No
error estimates are provided in these papers; the cost of the latter is
O(log N).

Another approach involves building a spanning tree on top of
the overlay, and using it to estimate the system size [8, 31, 25] by
aggregating estimates along the tree. The obtained estimates are
then exact in the absence of failures, and the cost isΘ(N).

Jelasity and Preuß [20] estimate the network size by observing
the renewal of contacts in peers’ views, in a gossip based overlay.

2.2 Generic techniques
Jelasity and Montresor [19] have considered the following gossip-

based method. Initially one distinguished node sets a counter to 1
while all other nodes set their counter to 0. Nodes communicate

asynchronously; when a pair of nodes communicates, they both
reset their individual counters to the mean of the two previous val-
ues. In the long run, all counter values coincide with the reciprocal
of the system size. This approach is suitable in stable environ-
ments. As all users eventually share the same size estimate, its cost
is amortized over all nodes when they are all interested in obtaining
such an estimate. A theoretical evaluation of the convergence time
of such schemes can be found in [9]. Its cost, evaluated in number
of messages, is̃O(N1+2/d) for d-dimensional random geometric
graphs1 It is O(N log(N)) for expander graphs.

Another generic approach [14, 32, 23], sometimes referred to
as probabilistic polling, consists of a querying node requesting all
nodes to report their presence probabilistically, the probability of
responding being a function of node characteristics, such as dis-
tance (in number of hops) from the initial requestor. This produces
unbiased estimates. One drawback of the method is that the initial
querior is potentially faced with “ACK implosion”. The cost of this
method scales linearly with system size. Overhead facing estima-
tion quality is analized in [14], but an initial message spread for the
polling process initilization is not considered.

Finally, Bawa et al. [6] propose a method which assumes one can
sample peers uniformly at random. They form an estimate of sys-
tem size based on the number of samples required before the same
peer is sampled twice. The cost, measured in number of samples,
scales like�

√
N whereN is the system size, and for a target rela-

tive error of1/
√

�. The second technique we shall describe builds
on this work. It improves upon it by proposing a scheme to gen-
erate approximately uniform random samples, and also reduces the
number of samples required to achieve the same target accuracy to√

�N , hence a reduction by a factor of
√

�.

3. THE RANDOM TOUR METHOD
Here and in the sequel, we assume that peers (or nodes) are or-

ganised in an undirected graph, each node being aware of, and able
to communicate directly with its neighbours. The node set is de-
noted byN , and its size isN . Thedegreeof nodei is denoteddi,
and is defined as the number of neighbours of nodei in the overlay
graph.

The aim is to design lightweight techniques for estimating the
system sizeN . In fact, our techniques also apply to the estimation
of sums of functions of the nodes,Φ :=

∑
j∈N φ(j), for gen-

eral functionsφ. One may, for instance, be interested in counting
peers that have an upload capacity above 10Mb/s, or in counting
the number of nodes with a degree larger than 100; the latter would
correspond to takingφ(i) = 1 if di > 100, andφ(i) = 0 oth-
erwise. Estimation of the system size is just another special case,
corresponding toφ ≡ 1. We assume throughout that the graph is
connected; if it is not, each node will only be able to estimate the
size of its connected component.

This section is organised as follows. We first describe the Ran-
dom Tour method. We then prove that it is unbiased. We next in-
terpret it in terms of Continuous Time Random Walks. This allows
us to evaluate its accuracy, captured by the variance, and how it is
affected by thespectral gapof the graph. Finally we discuss the
role of the expansion property of the overlay, and the cost/accuracy
trade-off of the method.

3.1 Basic Algorithm
An estimation procedure is launched at an arbitrary node, say

nodei, of the system. It proceeds as follows:

1See [9] for a definition of such graphs. Here, we writef(N) =

Õ(g(N) whenf(N) = O(g(N) log(N)β) for someβ.



1. The initiator, nodei, initialises a counter value,X, toφ(i)/di.
It forwards a message, tagged with the counter valueX, and
its identity, i, to one of its neighbours, chosen uniformly at
random.

2. A nodej, when receiving such a message, if it is not the
originating node (i �= j), increments the counter byφ(j)/dj

(X ← X + φ(j)/dj ), and forwards it to one of its neigh-
bours, chosen uniformly at random.

3. When the originator,i, receives the message it originally
sent, with associated counter valueX, it forms the follow-
ing estimatêΦ of the system sizeΦ: Φ̂ = diX.

The estimate is thus obtained by adding a specific amount to a probe
message at each node along a random tour, that is, a random walk
started at initiator nodei and ended upon return to nodei.

3.2 Lack of bias
We now establish that the above estimation procedure is unbi-

ased. We shall useEi(·) to denote mathematical expectation when
the random walk is started at nodei. Note that so far we are con-
sidering discrete time random walks.

PROPOSITION 3.1. The Random Tour algorithm produces an
unbiased estimate, that is the mathematical expectationEi(Φ) co-
incides with the quantity to be estimated,

∑
j∈N φ(j).

Proof: Consider the discrete time random walk started at nodei,
which, from a given statej goes to a randomly chosen neighbour
of j, each neighbour being equally likely (and thus chosen with a
probability of1/dj ). Denote byYn the position of the random walk
at time stepn. Then(Yn) is a Markov chain with transition prob-
abilities pjk = 1/dj if k is a neighbour ofj and0 otherwise. If
the graph is connected, then the transition probability matrix is irre-
ducible and the Markov chain has a unique stationary distribution.
It is readily verified that the probability distribution

πj :=
dj∑

k∈N dk
, j ∈ N , (1)

satisfies the detailed balance equationsπjpjk = πkpkj for all
j, k ∈ N . Hence, the Markov chain(Yn) is reversible, with unique
stationary distributionπ.

Let Ti denote the random time of the first return to nodei for the
random walk started ini, i.e.,Ti is the smallestn > 0 for which
Yn = i. Recall that the counter value produced by the Random
Tour algorithm is

X =

Ti−1∑
n=0

f(Yn),

wheref(j) = φ(j)/dj . In order to compute its expectation, we
rely on thecycle formulafor so-calledregenerative processes(see
[4], Chapter VI for definitions and rigorous statements). Basically,
a regenerative process is a stochastic process the trajectories of
which can be broken into cycles, the cycles being independent from
one another and identically distributed. In the present setting,(Yn)
is a regenerative process, as can be seen by defining a cycle to start
with a visit to statei, and to end before the next visit to statei. In
this context, the cycle formula yields that, for an arbitrary function
f :

Ei

∑Ti−1
n=0 f(Y (n))

Ei(Ti)
= Eπf(Y (n)) =

∑
j∈N

πjf(j); (2)

hereEπ denotes expectation when the process{Yn}n≥0 is in a
stationary regime (so that the marginal distribution ofYn is π, for
anyn), Ei denotes the expectation when it is started from the initial
stateY0 = i, andTi is the (random) time of the firstn such that
Yn = i, i.e. Ti is the beginning of the second cycle. Specialising
(2) to the indicator functionf(j) = 1j=i (that is,f(j) = 0 unless
j = i) yields

Ei(Ti) = 1/πi =

∑
j∈N dj

di
· (3)

Finally, note that the counter valueX obtained in the algorithm
above when the original message returns to the sending nodei is
exactly

X =

Ti−1∑
n=0

f(Yn),

wheref(j) = φ(j)/dj . We thus have by formula (2) that

Ei(X) = Ei(Ti)
∑
j∈N

πjf(j)

=

∑
k∈N dk

di

∑
j∈N

dj∑
k∈N dk

φ(j)

dj
=

Φ

di
.

SinceΦ̂ = diX, this last expression guarantees that the mathemat-
ical expectation of̂Φ is indeed equal toΦ. �

3.3 Analysis of Variance
Here we specialise the discussion to the case whereφ ≡ 1, that

is we consider only estimation of the system sizeN . We shall give
bounds on the variance in this case, which involve a global param-
eter of the graph, namely thespectral gapof the graph. Before
providing a definition, we re-interpret our estimation procedure in
terms ofContinuous TimeRandom Walks (CTRW).

Consider the CTRW defined as follows. After entering a nodej,
the walker stays there for exactly1/dj time units, and then moves
to a randomly selected neighbour of nodej. We shall denote by
Yt the position of the walker at timet. To distinguish from the
discrete time case, we letτi denote the first timet > 0 when the
walker moves from another node to nodei. It is readily seen that
our estimateΦ also reads

Φ = di

∫ τi

0

φ(Yt)dt, (4)

and thus in the special case whereφ ≡ 1, this readsΦ = diτi.
We now introduce some notation required to describe bounds on

the variance ofΦ.

DEFINITION 3.2. The Laplacian matrix of a graphG is by def-
inition the matrixL such thatLij = −1 if i �= j, and(i, j) is an
edge of the graphG, Lij = di if j = i, andLij = 0 otherwise. Its
eigenvaluesλ1, . . . , λN are real, non-negative. Assuming they are
sorted in non-decreasing order (λ1 ≤ λ2 . . . ≤ λN ), thenλ1 = 0,
andλ2 is called the spectral gap of the graph.

This Laplacian matrix is intimately connected to another CTRW
defined on the set of nodes of the graph, namely the CTRW where
a walker’s visit to a given nodei lasts for an exponentially dis-
tributed duration, with mean1/dj . This is the standard CTRW on
a graph; it is a continuous time Markov process, and the matrix−L
is its infinitesimal generator. The CTRW we described previously
differs from the standard one because sojourn times are determin-
istic, rather than exponentially distributed. We prefer deterministic



sojourn times because they yield smaller estimation variance, and
do not involve random number generation.

We now state our result concerning the variance of the estimator
Φ.

PROPOSITION 3.3. For an arbitrary undirected graph onN
nodes with spectral gapλ2, the Random Tour estimateΦ of the
number of nodesN verifies:

N2 [
2(1− 1/N)2 − 1

] −Ndi ≤ Var(Φ) ≤ N2 2di

λ2
· (5)

The proof is deferred to the appendix. We now interpret this result.
Consider the lower bound first. Whendi is small compared toN
(which one expects to be the normal situation) andN is large, the
lower bound on the variance ofΦ is equivalent toN2. Thus, the
standard deviation

√
Var(Φ) of the estimate is at least of the order

of its mean, that isN . As for the upper bound, it is then of order
N2[2di/λ2]. Provideddi/λ2 is of order 1, this matches the order
of the lower bound, and the estimateΦ has a standard deviation
precisely of the order of its mean.

3.4 The role of graph expansion
To illustrate this further, introduce the notation

I(G) := inf
S:|S|≤N/2

E(S, S)

|S| ,

whereE(S, S) denotes the number of edges in the graphG be-
tween the set of nodesS, and the complementary setS. The con-
stantI(G) is known as the isoperimetric constant of the graph, or
also as its conductance; see e.g. Mohar [30] for further discussion.
The so-called Cheeger inequality (see [30]) states that the spectral
gapλ2 of the graph verifies

λ2 ≥ I(G)2

2∆(G)
,

where∆(G) is the maximal degree of nodes in the graph. Com-
bined with (5), Cheeger’s inequality entails that

Var(Φ) ≤ N2 4di∆(G)

I(G)2
≤ N2

(
2∆(G)

I(G)

)2

. (6)

This illustrates how the ratio∆(G)/I(G) controls the quality of
the estimatorΦ. The conductance parameterI is sometimes called
the expansion parameter of a graph, and graphs with largeI are
referred to as expanders. The reader can find additional material on
expanders in [2], or [27]. Several overlay architectures proposed
in the literature ensure good expansion properties by design: the
expansion parameterI is bounded away from 0.

In particular, overlays comprising sufficiently many “random”
edges have large expansion parameter. It is shown for instance in
[16], Theorem 5.4, that Erd˝os-Rényi graphs onN nodes with av-
erage degreed such thatd � log(N) have an expansion ofd/2.
It is also shown in [17] that, if each node choosesm ≥ 2 other
nodes uniformly at random as its neighbours in the overlay, then
the resulting graph has expansion at leastm/5.

3.5 Complexity/Accuracy trade-off
We measure the complexity of a single Random Tour by the

number of (discrete-time) steps taken by the random walk dur-
ing that tour, that isTi with the above notation. Thus, in view
of (3), k consecutive Random Tours launched by nodei cost on
averagek

∑
j∈N dj/di. Denote the estimates of the correspond-

ing Random Tours byΦ(1), . . . , Φ(k). Their empirical meanΦ
has a variancek times smaller than that of an individual estimate.

By Tchebitchev’s inequality, we obtain that for a givenε > 0, the
relative error|Φ−N |/N verifies:

P(|Φ−N |/N ≥ ε) ≤ VarΦ
N2ε2

·
If we can tolerate a relative error greater thanε with probability
of pe for somepe ∈ (0, 1), then in view of (6) and the previous
display it suffices to take

k ≥
(

2∆(G)

εI(G)

)2
1

pe
·

Assuming for concretenesspe = 10% is fixed, and the graph is
regular, that is all its nodes have degreed, then fork runs we get
on average a cost ofkN , and we can guarantee a relative error of

ε =
2d

I(G)

1√
kpe

.

Thus the cost is linear inN , and an extra cost factor ofk buys a
reduction in relative error of order1/

√
k.

4. THE SAMPLE AND COLLIDE METHOD
In this section we present an algorithm which is based on, and

improves upon a technique proposed in [6]. This technique essen-
tially relies on sampling uniformly at random from the peer pop-
ulation. It then uses such random samples to produce an estimate
of system size, based on how many random samples are required
before two samples return the same peer.

We improve the proposal of [6] in two ways. First, we pro-
pose a uniform peer sampling technique which produces unbiased
samples by emulating acontinuous timerandom walk (CTRW),
contrary to existing proposals which rely ondiscrete timerandom
walks (DTRW) and suffer from a bias whenever peers have unequal
degrees.

Second, we refine the way those samples are used, and effec-
tively obtain estimates with a given variance with fewer sampling
steps.

4.1 Peer sampling with CTRW
The probing peer’s label is again denoted byi, and the overlay

is modelled as an undirected graphG. For peer sampling, we shall
use the standard CTRW, namely the random walk where each visit
to a nodej lasts for an exponentially distributed, random time with
expected duration1/dj , wheredj is the degree of nodej. The sta-
tionary distribution of the standard DTRW puts massdj/

∑
k dk

on each nodej, and is thus biased towards high degree nodes. In
contrast, the CTRW we just described has a uniform stationary dis-
tribution. Our peer sampling algorithm proceeds as follows.

1. A timer is set at some predefined valueT > 0, by the initia-
tor, nodei, in a sampling message.

2. Any nodej, either after receiving the sampling message, or
(if it is the initiator) after having initialised the timer, does
the following. It picks a random numberU , uniformly dis-
tributed on[0, 1]. It decrementsT by − log(U)/di (T ←
T + log(U)/di). If T ≤ 0, then this nodej is the sampled
node; it returns its ID to the initiator, and the procedure stops.
Otherwise, it forwards the message with the updated timer to
one of itsdj neighbors, chosen uniformly at random.

This procedure returns a random node sample, the distribution of
which is exactly that of the state of the standard CTRW at timeT ,
started from nodei. This follows from the well-known fact that
− log(U) has a unit mean exponential distribution; see, e.g., [34].



A convenient measure of accuracy of the proposed sampling tech-
nique is provided by thevariation distancebetween the probability
distribution of the returned sample, and the target uniform proba-
bility distribution. Recall that the variation distance between two
measuresp, q onN is defined as

d(p, q) :=
1

2

∑
i∈N
|pi − qi|.

It admits the following useful interpretation [26, Theorem 5.2]: a
random sampleX from a distributionp coincides, with probability
1−d(p, q), with a random sample from distributionq. We can now
relate the quality of our sampling method to the choice ofT , and
the spectral gap of the graph:

LEMMA 4.1. Let {Xt}t≥0 be a continuous time, reversible
Markov process on a finite state spaceN , with spectral gapλ2,
and stationary distributionπ. Denote bypi·(t) the distribution of
Xt when the process is started atX0 = i. Then it holds that

d(pi·(t), π) ≤ 1

2
√

πi
e−λ2t.

The proof is given in the appendix. When specialised to the stan-
dard CTRW, for whichπi = 1/N , takingT = c log(N)/λ2, this
reads

d(pi·(T ), π) ≤ 1

2
N (1/2)−c.

If for instancec ≥ 3/2, then this variation distance is of order
N−1.

REMARK 4.2. In view of the above-mentioned interpretation of
variation distance, for such a choice ofT , XT coincides with a
uniform random sample fromN with probability 1 − O(N−1).
Equivalenty, it takes on average of the order ofN samples before
retrieving an improperly selected node.

The reason this is important is the following: we shall see that our
algorithm requires of the order of

√
N uniform random samples

in order to estimateN . But since we cannot sample uniformly at
random exactly, we use the CTRW procedure described above to
obtainapproximately uniformrandom samples. The error estimate
on the approximation tells us that forT chosen as above, it isas if
we sampled exactly from the uniform distribution; with high proba-
bility, our sampling procedure will yield the same samples (on runs
of lengtho(N)) as the exact procedure.

We should mention that, as bothN andλ2 are a priori unknown,
it is in practice not feasible to setT to precisely say,2 log(N)/λ2.
One possibility is to use sampling with a first value ofT , get back
from the Sample and Collide procedure (described in next Subsec-
tion) an estimatêN1 of N , then re-run the whole procedure with
2T instead ofT , get a new estimatêN2 of T , and repeat until es-
timatesN̂i appear to stabilise; they should increase withT until T
is sufficiently large.

Another possibility is to assume suitable lower bounds onλ2,
and upper bounds onlog(N) are known, so that a conservative
value ofT can be used. This is the approach we take in this paper.

REMARK 4.3. Instead of the standard CTRW, we could alter-
natively base sampling on the CTRW with deterministic sojourn
times. This suppresses the need to generate uniform random num-
bersU at nodes traversed by the random walk. However, in general
there is no analogue of Lemma 4.1 for the deterministic sojourn
time CTRW, as the following counter-example shows.

Consider a bipartite, regular graph with common node degrees
d, nodes being partitioned intoN1 andN2, with |N1| = |N2|.

Then with the latter CTRW, whenever	T/d
 is even, the returned
node belongs to the same bipartition as the nodei from which sam-
pling started, no matter how largeT is. Assume say that nodei
belongs toN1. Then the variation distance between the sampled
distribution and the uniform distribution is at least

∑
j∈N2

1/N =

1/2, and does not go to zero.

4.2 Estimation procedure
The technique we use is as follows. We pick an integer� > 0,

which will determine the accuracy of our estimates. We then ob-
tain node samplesX(1), . . . , X(n). Denote byC1 the first time
n when a sampleX(n) is obtained has already been seen (the first
collision), that is, for somem < n, X(m) = X(n). Similarly, de-
note byC2 the second time when the corresponding sampleX(n)
has previously been observed, and similarly defineCi for i ≥ 1.
We shall stop sampling atn = C�, that is, when exactly� newly
obtained samples have previously been observed, where� is a fixed
control parameter.

For a givenN , we denote byLN (n1, . . . , n�) the probability
thatC1 = n1, . . . , C� = n�. Elementary combinatorics show that

LN (n1, . . . , n�) = N−n� [N(N − 1) · · · (N − n� + � + 1)]×
× [(n1 − 1)(n2 − 2) · · · (n� − �)] .

(7)
This formula can be written as the product of two terms, one that
is a function of(n1, . . . , n�) only, and another that is a function of
N andn� only. This implies thatC� is asufficient statisticfor the
estimation ofN : all the information about the unknown parameter
N that is carried by the observationsC1, . . . , C� is contained in
the variableC�. Or to put it another way, givenC�, the otherCi’s
don’t contain any additional information aboutN . Hence, the best
estimator (for any performance measure) based onC1, . . . , C� is a
function ofC� only.

We will now use the Maximum Likelihood (ML) method to esti-
mateN . Note that

∂

∂N
[log LN (C1, . . . , C�)] = −C�

N
+

C�−�−1∑
i=0

1

N − i

=
1

N

[
−� +

C�−�−1∑
i=0

i

N − i

]
.(8)

The derivative of the log-likelihood function is called the score, and
the expectation of its square is called the Fisher information. These
quantities play a role in determining the variance of the optimal
estimator, as we shall see later.

It is clear from the formula above that the likelihood is well de-
fined forN in the intervalN ∈ (C�− �−1, +∞), is increasing on
the interval(C� − � − 1, N̂ ], and decreasing on[N̂ , +∞), where
N̂ is the ML estimate. (It is also clear thatC� can’t be bigger than
N + �.) Thus the ML estimatêN can be computed efficiently by
solving the equation

F (N) :=

C�−�−1∑
i=0

i

N − i
− � = 0, (9)

with standard binary search. Before detailing the procedure, we
note the following. The monotonic decreasing functionF (N) sat-
isfies

(C� − �− 1)(C� − �)

2N
−� ≤ F (N) ≤ (C� − �− 1)(C� − �)

2(N − (C� − �− 1))
−�.

Each of the bounding functions is also monotonic decreasing inN .
This readily implies that the ML estimatêN lies in the interval



[N−, N+], where{
N− = (C�−�−1)(C�−�)

2�
,

N+ = (C�−�−1)(C�−�)
2�

+ C� − �− 1.
(10)

The binary search determination of̂N then proceeds as follows.
Initialize the search range[N−, N+] with the values given in (10).
Then repeat the following step untilN+ − N− ≤ 1. SetN =
(N+ + N−)/2; if F (N) > 0, setN− = N ; otherwise setN+ =
N .

4.3 Accuracy/Complexity trade-off
We now provide an asymptotic analysis of the quality of the pro-

posed ML estimate whenN is large. This will then be used to
analyse the accuracy/complexity trade-off of the Sample and Col-
lide procedure, under the assumption that samples returned by the
CTRW module are indeed uniformly distributed.

PROPOSITION 4.4. Let � > 0 be fixed. AsN tends to infinity,
we have the following convergence in distribution:

C2
�

2N
→ E1 + · · ·+ E�, (11)

whereE1, . . . , E� are i.i.d. random variables, that are exponen-
tially distributed with parameter 1.

Furthermore, for any positivep, we also have convergence of the
p-th moments:

EN

[(
C2

�

2N

)p]
→ E [(E1 + · · ·+ E�)

p] . (12)

Proof: We prove the weak convergence property by induction on
�. We shall evaluate the following conditional probability:

PN (C� − C�−1 > b
√

N |C�−1 = aN

√
N),

whereaN ∼ a, a is a fixed positive number, asN → ∞. Let
m = aN

√
N − (�−1), andk = b

√
N . Elementary combinatorics

show that this conditional probability equals

1

Nk
(N −m)(N −m− 1) · · · (N −m− k + 1),

and hence:

log
(
PN

(
C� − C�−1 > b

√
N

∣∣∣ C�−1 = aN

√
N

))
=

=

k−1∑
i=0

log

(
N −m− i

N

)
∼ −

k−1∑
i=0

i + m

N
∼ −ab− b2

2
·

We thus have the following equivalence asN →∞:

PN

(
C� − C�−1 > b

√
N

∣∣∣ C�−1 = aN

√
N

)
∼ e−ab−b2/2.

Now, settinga =
√

2y andb =
√

2(x + y)−√2y, we get

P
(
C2

� /(2N) > x + y|C2
�−1/(2N) = y

) ∼ e−ab−b2/2 = e−x.

This establishes the claimed weak convergence property.
In order to deduce convergence of moments from weak conver-

gence, it is enough to show that for allp > 0, the distributions of
variables[C�/

√
N ]p for varyingN are uniformly integrable (for a

definition see e.g. [7]). By a standard criterion for uniform integra-
bility, this will follow if for some positiveθ, it holds that

sup
N>0

EN

[
eθC�/

√
N

]
<∞. (13)

By a simple coupling argument (see [26] for background on cou-
pling), it can be shown that the distribution ofC� is stochastically
dominated by that of� independent copies ofC1. Thus,

EN

[
eθC�/

√
N

]
≤

[
EN

(
eθC1/

√
N

)]�

.

It is therefore enough to prove (13) in the special case where� = 1.
Write

ENeθC1/
√

N =

∫ ∞

0

PN

(
eθC1/

√
N > y

)
dy

=

∫ ∞

0

PN

(
C1 >

√
N

θ
log(y)

)
dy.

We bound the integrand in the last expression as follows. Setk =√
N log(y)/θ. Then one has

PN (C1 > k) = exp(
k−1∑
i=0

log(1− i/n)) ≤ exp(−(k − 1)2/N).

Combined with the previous expression, this yields

ENeθC1/
√

N ≤ 1 +

∫ ∞

1

exp
(
−

(√
N log(y)/θ − 1

)2

N

)
dy

= 1 +

∫ ∞

−1/
√

N

e−v2
eθ(v+1/

√
N)θdv

≤ 1 +

∫ ∞

−1

e−v2+θv+θθdv,

where the equality is obtained by the change of variablesv =
log(y)/θ − 1/

√
N . The final term is finite and independent of

N , which implies the announced uniform integrability. �

This proposition allows us to evaluate the asymptotic mean square
error of the ML estimate. Furthermore we can establish that no un-
biased estimate can achieve smaller asymptotic variance:

THEOREM 4.5. The ML estimatêN is such that

lim
N→∞

1

N2
EN

(
N̂ −N

)2

=
1

�
· (14)

Let Ñ = f(C1, . . . , C�) be an arbitrary estimator with the prop-
erty thatEN [f(C1, . . . , C�)] = N . Then,

lim inf
N→∞

1

N2
VarN(Ñ) ≥ 1

�
. (15)

The proof of this theorem is deferred to the Appendix. It is a
well-known result in statistics that the maximum likelihood esti-
mator is asymptotically efficient (has asymptotic mean square er-
ror no larger than that of the best unbiased estimator), but this is
in the context where the parameter to be estimated is fixed, while
the number of samples increases to infinity. In the setting we are
studying, both the parameter and the number of observations go to
infinity; hence, we have included a proof of optimality.

The theorem implies that, for a variance of the order ofN2/�,
we useC� samples, hence on average a number of samples of the
order of

√
N�. The average number of messages exchanged in

a single sampling step is, assuming the originator is randomly se-
lected, equal toTd, whered = N−1 ∑

j dj is the average node de-
gree. Thus, assuming as in Section 4.1 thatT equals2 log(N)/λ2,
the average number of messages used by the Sample and Collide
method is of order(d log(N)

√
N�/λ2), for an estimate with rela-

tive variance of1/�. This presents an improvement on the cost of
the “inverted birthday paradox method” of [6] by a factor

√
�.



REMARK 4.6. Observe that, sinceC2
� /(2�) ∼ N (in proba-

bility and expectation), the boundsN− and N+ in (10) are both
asymptotic toN , and differ only by a term of order

√
N . Hence,

instead of computing the maximum likelihood estimator by binary
search, we could equally well use eitherN− or N+, or the asymp-
totically unbiased estimator̃N = C2

� /(2�). All three estimators
are within

√
N of the ML-estimator, and hence, all three are asymp-

totically efficient. In fact, for ease of computation, we use the es-
timator Ñ = C2

� /2� in the next section, where we evaluate the
algorithm.

We now compare the accuracy/cost trade-offs of our two meth-
ods. Assume for ease of discussion that degrees are constant, equal
to d. Recall that for the Random Tour method, for a cost of order
kN , we have an upper bound on the relative variance of2d/(kλ2).
In order to match the variances of the two methods, we need to set
k = 2�d/λ2. Thus the ratio of costs of the methods becomes

cost(RT )

cost(S&C)
=

(2�d/λ2)N

2d log(N)
√

N�/λ2

=

√
N�

log(N)
.

Thus for large systems (largeN ), or for accurate measurements
(large�), the Sample and Collide method should be preferred.

5. EXPERIMENTS
Our experiments are simulation-based. We evaluated both static

overlays comprising 100,000 nodes, and dynamic scenarios where
the number of nodes varies between 50,000 and 150,000 nodes.
Due to lack of space, we only report results in the dynamic case.
The objective here is to study the impact of churn (rapid member-
ship changes in the P2P system) on our techniques for evaluating
system size.

The static overlays are randomly generated so as to guarantee
node degrees lying between 1 and 10, as follows. Sequentially,
each nodei selects a random numberdout

i between 1 and 10. It
then selectsdout

i target nodes at random, among target nodes with
a current degree less than 10. Thendout

i undirected edges are cre-
ated between nodei and itsdout

i targets, whose degree is increased
by 1 at this stage. The resulting average degree is between 7 and 8.
From the results of [17], we expect such graphs to have large expan-
sion, hence afavourable situation for our two techniques. Existing
overlay maintenance protocols aim to maintain graphs with similar
statistical properties; see e.g. [21] and [15].

In the dynamic scenarios, newly joining nodes are connected via
their own set of random targets. Nodes to be removed are selected
at random, and nodes that are losing neighbours do not try to re-
connect. The actual system size we report is always that of the
connected component to which the probing node belongs.

We did repeated runs on overlays with varying numbers of nodes
of the two following procedures: Random Tour (RT), and Sample
and Collide (S&C) with � = 10 and� = 100. We considered three
distinct dynamic scenarios: gradual decrease, gradual increase, and
catastrophic change, where the initial node population of 100,000
is suddenly decreased to 75,000 and then to 50,000, and finally
faces a flash crowd with a sudden arrival of 25,000 nodes. For
space reasons we only display results for the catastrophic changes
scenario, for RT and for S&C with � = 100. For RT, we use sliding
windows over past sampled values. The size of the sliding window
conditions both the accuracy, with the variance of the estimator
being proportional to the reciprocal of the window size, and the
reactivity of the estimates, which are less reactive to changes for
larger windows. For S&C with � = 100, we choose not to average,
i.e. take a sliding window of size 1.
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Figure 1: Random Tour with sliding window (last 700)
under catastrophic failures; 100,000 nodes at start, -
25,000 nodes at runs 1000 and 5000, +25,000 nodes at
run 7000.
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Figure 2: Sample and Collide with � = 100, no sliding
window, under catastrophic failures: 100,000 nodes at
start, -25,000 nodes at runs 10 and 50, +25,000 nodes at
run 70.

The performance of RT is illustrated on a network with catas-
trophic failures and flash crowd arrivals in Figure 1. A sliding win-
dow of 700 samples is used. While the structure of the overlays
can be drastically affected by population changes (e.g. node depar-
tures could reduce the expansion parameter of the initial overlay),
we observe that RT maintains a fairly good accuracy level through
the changes in system size. Thus, the experiments suggest that RT
is robust to churn.

The performance of S&C is illustrated on a network with catas-
trophic failures and flash crowd arrivals in Figure 2. Changes in
system size could affect the performance of S&C because the qual-
ity of the random samples returned by the sampling module de-
teriorates if the expansion of the overlay is reduced. However,
as shown by the figure, S&C maintains a high level of accuracy
through changes in system size. The analysis predicts a relative
variance of1/� = 1/100 for individual estimates, under the as-
sumption of perfect random sampling. Hence theory predicts a rel-
ative standard deviation of 10% for the estimates plotted on this
figure, provided sampling works well. The fluctuations in figure 2
are consistent with this. In summary, our experiments suggest that
S&C, and its sampling module, are robust to churn. Note that the
costs incurred are much lower than for RT; a single point in Fig-
ure 2 costs on average 350,000 messages; a single point on Figure
1 costs on average 560 millions messages, that is, three orders of
magnitude larger.

More experiments on the accuracy and the overhead of S&C are



provided in [24]. The results are compared along with two other
representative approaches: probabilistic polling and gossip-based
method.

6. CONCLUSION
In this paper, we addressed the issue of estimating the size of

a large-scale peer-to-peer overlay network. We proposed two peer
counting approaches based on random walks. More generally, these
approaches may be used to count the number of peers with given
characteristics. This is useful for basic overlay maintenance, and
we expect it to be useful as well for applications such as live media
streaming.

The Random Tour method aggregates local node statistics along
a “random tour”, that is a random walk stopped when it returns
to its starting node. It is simple to implement, and is suitable for
small to moderate systems. Its cost scales linearly with system size,
like several other proposals we reviewed, such as gossip or random
polling. It does not incur the ACK implosion problem that random
polling techniques face. We analysed the properties of the Random
Tour estimator, and showed that it is unbiased, and how its standard
deviation is controlled by the expansion parameter of the overlay.

The Sample and Collide method requires random samples of
peers. We propose a peer sampling algorithm based on a Contin-
uous Time Random Walk. We show that this algorithm is asymp-
totically unbiased, in contrast to previous proposals. We show that
its cost for a specified accuracy is characterised again by the ex-
pansion parameter of the overlay. We construct a system size es-
timate based on the number of samples required to observe dupli-
cated samples. We analyse in detail the asymptotic properties of
this estimate, and show that it makes the most efficient use of the
information in the samples, by achieving the smallest possible vari-
ance. To our knowledge this achieves the best cost / accuracy trade-
off of proposals to date, with a cost scaling like the square root of
the system size, and the square root of the required accuracy (mea-
sured in reciprocal of relative variance). It is therefore a suitable
candidate for large scale environments. Random Tour can still be
attractive in moderately large systems, when one is interested in
measuring aggregates of node properties rather than plain system
size.

Finally we evaluated our two schemes via simulations, in both
static and dynamic environments. The simulation results confirmed
the theoretical analysis of the two schemes. We found that both
were robust to system changes, both gradual and sudden.
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8. APPENDIX

8.1 Proof of Proposition 3.3
We shall in fact derive a more general result. To this end, we

need to introduce notation, and a key result on reversible Markov
processes described in detail in [1].

Consider a continuous time Markov process{Xt} on a finite set
N . Let {πi}i∈N denote its stationary distribution, assumed to be
unique. LetQ be the infinitesimal generator of the Markov process
{Xt}. Denote the diagonal termqii by −qi. In particular, each
visit to a given statei lasts for an exponentially distributed random
time with meanq−1

i . Assume the process is reversible, and denote
by λ2 the spectral gap of the generator, i.e.−λ2 is the second
largest eigenvalue ofQ. Let Estat denote expectation when the
initial state of the process is distributed according to the stationary
distributionπ. Finally, letT 0

i denote the first timet > 0 such that
Xt = i. One then has:

LEMMA 8.1 (ALDOUS-FILL [1], CH. 3 P.21). For any state
i ∈ N , one has

(1− πi)
2

qiπi
≤ Estat(T

0
i ) ≤ 1− πi

λ2πi
· (16)

Given a Markov process{Xt} as above, consider the process{X′
t}

which has the same state spaceN , visits the states in the same
order as the other process, but whose visits to each statei last for a
deterministic durationq−1

i , instead of an exponentially distributed
random duration. We denote byTi the firstentrancetime of X′

t

into statei, that is the smallestt > 0 such thatt− �= i andt+ = i.
The previous lemma will be used to establish the following

PROPOSITION 8.2. For any process{X′
t} as above, started at

the beginning of a visit to statei, it holds that

2(1− πi)
2 − 1

(πiqi)2
+

2

πiqi

[
1

qi
−

∑
j∈N

πj

2qj

]
≤ · · ·

· · ·Var(Ti) ≤ 1

(πiqi)2

[
2qi(1− πi)

λ2
− 1

]
+

2

πiq2
i

· (17)

Proof: The process{X′
t} is regenerative, with as regeneration

points the entrances into statei. By the cycle formula, it holds
that

Estat (Ti) =
Ei

∫ Ti

0
(Ti − t)dt

Ei(Ti)
=

Ei(T
2
i )

2Ei(Ti)
·

It thus follows that

Var(Ti) = 2Ei(Ti)Estat(Ti)− (Ei(Ti))
2 . (18)

We shall now relateEstat(Ti) to Estat(T
0
i ), which will allow us

to use the previous lemma. One has the following identity:

Estat(Ti) = Estat(T
0
i ) + πiEi(Ti)−

∑
j∈N

πj

2qj
. (19)

Indeed, this follows directly from the following identities.
Estat(Ti) =

∑
j∈N πjEstat(Ti|X ′

0 = j),

Estat(T
0
i ) =

∑
j �=i πjEstat(T

0
i |X0 = j),

Estat(Ti|X ′
0 = i) = Ei(Ti)− 1

2qi
,

Estat(Ti|X ′
0 = j) = Estat(T

0
i |X0 = j) − 1

2qj
, j �= i.

The first two identities are obvious. We omit the details of the
proof of the last two identities for brevity; a formal argument can
be constructed by making use of Palm calculus (see e.g. [5]).

By the cycle formula,Ei(Ti) = 1/(πiqi). Combined with (18)
and (19), this yields

Var(Ti) =
2

πiqi

[
Estat(T

0
i ) +

1

qi
−

∑
j

πj

2qj

]
− 1

(πiqi)2
·

The proposition follows by combining this expression with (17).�

Upon specialising Proposition 8.2 to the CTRW on a graphG, for
whichπj ≡ 1/N , andqj ≡ dj , one easily shows that

N2 2(1− 1/N)2 − 1

d2
i

− N

di
≤ Var(Ti) ≤ N2

d2
i

2di

λ2
·

Proposition 3.2 follows, as Var(Φ) = d2
i Var(Ti).

8.2 Proof of Lemma 4.1
By Lemma 8, page 10, Chapter 4 in [1], it holds that

d(pi·(t), π) ≤ 1

2
√

πi

√
pii(2t)− πi.

Besides, as mentioned on Eq. (46), page 20, Chapter 3 in [1], the
functiont→ pii(t)−πi is completely monotone(see p.19, chapter
3 in [1] for a definition), and thus, by lemma 13, p. 20, ch.3 [1], it
verifies

pii(t)− πi ≤ [pii(0) − πi]e
−λ2t.

Combined with the above display, this yields the announced result.

8.3 Proof of Theorem 4.5
We first establish (14). We have by the Cauchy-Schwarz inequal-

ity that

EN [(N̂ −N)2] = EN [(N− −N)2] + EN [(N̂ −N−)2]

+2EN [(N̂ −N−)(N− −N)]

≤ EN [(N− −N)2] + EN [(N̂ −N−)2]

+2

√
EN (N̂ −N−)2

√
EN (N− −N)2.

(20)
In view of the bounds (10),̂N −N− is bounded in absolute value
by N+ −N− ≤ C�. Hence,

EN [(N̂ −N−)2] ≤ EN(C2
� ) ∼ 2�N, (21)

by (12). Convergence of moments (12) also guarantees, in view of
the expression forN−, that

EN [N−] ∼ EN

(C2
�

2�

)
∼ N, (22)



while

EN [(N−)2] ∼ EN

( C4
�

4�2

)
∼ N2

�2
E[(E1 + · · ·+ E�)

2]

=
N2

�2
(�2 + �). (23)

Here, we have used the fact the exponential distribution with pa-
rameter 1 has mean 1 and variance 1. Now, by (22) and (23),

EN [(N− −N)2] ∼ EN [(N−)2]−N2 ∼ N2

�
. (24)

Substituting (21) and (24) in (20), we get

lim
N→∞

1

N2
EN (N̂ −N)2 =

1

�
,

and (14) follows.
We now establish (15). Let̃N = f(C1, . . . , C�) be any unbi-

ased estimator ofN , i.e.,EN [f(C1, . . . , C�)] = N . We shall use
the Cramér-Rao inequality (see, e.g., [11, Theorem 12.11.1]) to ob-
tain a lower bound on the variance of this estimator. To use this
inequality, we need to compute the Fisher information (a measure
of the ‘information’ that the random vector(C1, . . . , C�) contains
about the parameterN ). The Fisher informationI(N) is defined
as the variance of the score function2,

s(N) =
∂

∂N
log LN (C1, . . . , C�).

Therefore, using (8) and (9), we have

I(N) =
1

N2
EN

[(C�−�−1∑
i=0

i

N − i

)2]
− �2

N2
. (25)

Now observe using (12) and Markov’s inequality that, for any fixed
ε > 0

PN (C� > εN) ≤ (εN)−6EN [C6
� ] ≤ cN−3, (26)

for some constantc > 0 that depends onε but not onN . Now, on
the event thatC� > εN ,

C�−�−1∑
i=0

i

N − i
≤

N−1∑
i=0

i

N − i
≤ N log N,

whereas, on the event thatC� ≤ εN ,

C�−�−1∑
i=0

i

N − i
≤ 1

1− ε

C2
�

2N
.

Hence,

EN

[(C�−�−1∑
i=0

i

N − i

)2]
≤ (N log N)2PN (C� > εN)

+
1

(1− ε)2
EN

[( C2
�

2N

)2]
.(27)

Now, the first term in the last expression above goes to zero as
N →∞ by (26), while the second term goes to(�2 + �)/(1− ε)2

by (12), and well-known properties of the exponential distribution.
Hence, we have from (25) and (27) that

I(N) ≤ 1

N2

( �2 + �

(1− ε)2
− �2

)
.

2In fact, as the parameterN is discrete, we should define the score
function as[PN+1(C) − PN (C)]/PN (C). The necessary adjust-
ments are inessential, and for ease of exposition we stick to the
usual formalism.

Hence, we obtain using the Cram´er-Rao bound [11, Theorem 12.11.1]
that, for any unbiased estimator̃N = f(C1, . . . , C�),

Var(Ñ) ≥ 1

I(N)
≥ (1− ε)2N2

� + (2ε− ε2)�2
.

Since� is fixed, lettingε decrease to zero yields the claim of the
lemma.


